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Abstract. We introduce new classes of right quaternionic Hilbert spaces of Bargmann-Fock type
GB2m(H), labeled by nonnegative integerm, generalizing the so-called slice hyperholomorphic Bargmann-
Fock space introduced by Alpay, Colombo, Sabadini and Salomon in [4]. They are realized as L2-
eigenspaces of a sliced second order differential operator. The concrete description of these spaces is
investigated and involves the so-called quaternionic Hermite polynomials. Their basic properties are
discussed and the explicit formulae of their reproducing kernels are given. Associated Segal-Bargmann
transforms, generalizing the one considered by Diki and Ghanmi in [12], are also introduced and studied.
Connection to the quaternionic Fourier-Wigner transform is established.
1 Introduction
The classical Bargmann-Fock space is defined as the space of all e−|z|2dxdy-square integrable holo-
morphic functions on the complex plane. This is a phase space which is known to be unitary isomorphic
to the quantum mechanical configuration space L2(R; dx) by means of the classical Segal-Bargmann
transform (see for examples [5, 14, 25]). A quaternionic analogue of this space in the context of slice
hyperholomorphic functions of one quaternionic variable is introduced in [4] as
F2slice(H) = SR(H) ∩ L2(CI ; e−|q|
2
dλI), (1.1)
where SR(H) denotes the space of all slice (left) regular H-valued functions on H and CI ; I ∈ S =
{q ∈ H; q2 = −1}, is a slice in H. It is shown there that F2slice(H) is independent of I and is a
reproducing quaternionic Hilbert space. A quaternionic analogue of the classical Segal-Bargmann is
recently introduced and connect the slice hyperholomorphic Bargmann-Fock space F2slice(H) to the
classical L2-Hilbert space of quaternionic-valued functions on the real line (see [12] for details).
In the present paper, we extend the notion of slice Bargmann-Fock space to the context of non
hyperholomorphic functions. The new space GB2m(H) labeled by nonnegative integer m = 0, 1, 2, · · · ,
is connected to the specific L2-eigenspaces
F2m(H) =
{
f ∈ L2(H; e−|q|2dλ); ∆qf = mf
}
, (1.2)
of the second-order differential operator
∆q =
−∂2
∂q∂q
+ q ∂
∂q
, (1.3)
The spaces GB2m(H), defined on the whole H, are specific subspaces of F2m(H˜). It will be shown that the
particular case of F20 (H) and GB20(H), corresponding to m = 0, gives rise to the full hyperholomorphic
Bargmann-Fock space
F2full(H) = SR(H) ∩ L2(H; e−ν|q|
2
dλ) (1.4)
and the slice hyperholomorphic Bargmann-Fock space F2slice(H) given through (1.1), respectively.
The GB2m(H) are then called generalized quaternionic Bargmann-Fock spaces. Our main purpose
is to give a concrete description of the spaces F2m(H˜) and GB2m(H). We show that the GB2m(H) is
a reproducing kernel quaternionic Hilbert space. The expression of the corresponding reproducing
kernel is given explicitly in Theorem 5.5. This was possible by solving the partial differential equation
of hypergeometric type arising from the (right) eigenvalue problem ∆qf = fµ on H˜ := H \ R, and
manipulating the asymptotic behaviour of the involved confluent hypergeometric function. We show
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2 AMAL EL HAMYANI AND ALLAL GHANMI
in particular that the spectrum of ∆q is purely discrete and constituted of the eigenvalues µ = µm = m
(Landau levels) occurring with infinite degeneracy (see Theorem 4.7). A concrete description of the
elements of F2m(H˜) in C∞ and L2 pictures is given respectively by Theorems 4.2 and 4.7. In such
description, the so-called quaternionic Hermite polynomials play a crucial role. Such polynomials are
introduced in [23, 24] and an accurate systematic study of them can be found in [13].
Associated Segal-Bargmann transform is then introduced and studied in some details. It generalizes
the one considered in [12]. The corresponding kernel function involves the real Hermite polynomial
Hm (see Theorem 6.1). As basic result, we show that this transform maps isometrically the L2-Hilbert
space of left-sided quaternionic-valued functions on the real line onto GB2m(H) (see Theorem 6.2). The
connection to a quaternionic Fourier-Wigner transform is also established (see Theorem 7.4).
The rest of the paper is structured as follows
• Preliminaries.
• Discussion of the problematic.
• C∞ and L2-concrete spectral analysis of the operator 2q on H˜.
• Generalized quaternionic Bargmann spaces and their reproducing kernels.
• Generalized quaternionic Bargmann transforms Bm.
• Left-sided quaternionic Fourier-Wigner transform.
2 Preliminaries
We denote by H the divisor algebra of real quaternions. The standard basis {1, i, j, k} satisfies the
Hamiltonian multiplication i2 = j2 = k2 = ijk = −1, ij = −ji = k, jk = −kj = i and ki = −ik = j.
The algebraic representation of a quaternion q is q = x0 + x1i + x2j + x3k ∈ H with x0, x1, x2, x3 ∈ R.
Accordingly, the quaternionic conjugate is defined to be q = x0 − x1i − x2j − x3k = Re(q) − Im(q),
so that pq = q p for p, q ∈ H. The modulus of q is defined to be
|q| = √qq =
√
x20 + x21 + x22 + x23.
While, with respect to the spherical coordinates
x0 = r cos θ,
x1 = r sin θ sinφ cosψ,
x2 = r sin θ sinφ sinψ,
x3 = r sin θ cosφ.
with r = |q| ∈ [0,+∞[, ψ, φ ∈ [0, pi] and θ ∈ [0, 2pi], the polar representation is given by
q = reIθ, (2.1)
where I is given by I = sinφ cosψi + sinφ sinψj + cosφk and belongs to the unit sphere S =
{q ∈ ImH; |Im(q)| = 1} in ImH. Notice for instance that S can be identified with the set of imaginary
units S = {q ∈ H; q2 = −1}.
Another interesting representation of q ∈ H is given by q = x + Iy for some real numbers x and y
and imaginary unit I ∈ S. Such decomposition is unique for any q ∈ H\R with y > 0. For every fixed
I ∈ S, the slice LI = CI := R+RI is isomorphic to the complex plane C so that it can be considered
as a complex plane in H passing through 0, 1 and I. Thus, H can be seen as the infinite union of
complex planes, the slices. Their intersection is the real line R.
The last representation is the basic idea in developing the theory of quaternionic slice hyperholo-
morphic functions that has been introduced by Gentilli and Struppa in the seminal work [15]. Since
then, they have been object of intensive research and the corresponding hyper-complex analysis theory
have been developed. It has found many interesting applications in operator theory, quantum physics,
Schur analysis [10, 2, 3, 16, 1]. The interesting readers can refer to [15, 10, 16, 9, 11] for more details.
According to [15], the left slice derivative ∂sf of a given real differential quaternionic-valued function
f on a given open domain Ω ⊂ H is defined by
∂sf(q) =

1
2
(
∂fIq
∂x
− Iq
∂fIq
∂y
)
(q), if q = xq + yqIq ∈ Ω \ R;
df
dx
(xq), if q = xq ∈ Ω ∩ R,
(2.2)
where fI(q = x + Iy), denotes the restriction of f to ΩI := Ω ∩ LI . Thus, f is said to be slice (left)
regular, if it is a real differentiable on Ω and its restriction fI is holomorphic on ΩI for every I ∈ S.
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That is it has continuous partial derivatives with respect to x and y and the function ∂If : ΩI −→ H
defined by
∂If(x+ Iy) :=
1
2
(
∂
∂x
+ I ∂
∂y
)
fI(x+ yI)
vanishes identically on ΩI . The corresponding space, denoted SR(Ω), is endowed with the natural
uniform convergence on compact sets. It turns out that SR(Ω) is a right vector space over the
noncommutative field H containing the power series ∑n qnan; an ∈ H, defined in its domain of
convergence, which is proved to be an open ball B(0, R) := {q ∈ H; |q| < R}. Conversely, every given
H-valued slice regular function f on B(0, R) ⊂ H has the following series expansion ([15])
f(q) =
+∞∑
n=0
qnan; an =
1
n!
∂nf
∂xn
(0). (2.3)
Now, let L2(H; e−|q|2dλ) denote the right Hilbert space of all quaternionic-valued square integrable
functions on H with respect to the inner product
〈f, g〉 =
∫
H
f(q)g(q)e−|q|2dλ(q). (2.4)
dλ(q) = dx0dx1dx2dx3 being the Lebesgue measure onH ≡ R4. The concrete description of L2(H; e−|q|2dλ)
is shown ([13]) to be given through the quaternionic Hermite polynomials defined by
Hm,n(q, q) = m!n!
min(m,n)∑
j=0
(−1)j
j!
qm−jqn−j
(m− j)!(n− j)! . (2.5)
They can be seen as natural extension of the complex Hermite polynomials. Their Rodriguez’ formula
involves the slice derivative
∂f
∂q
(q) = ∂Iqf(x+ Iqy) :=
1
2
(
∂
∂x
− Iq ∂
∂y
)
fIq(x+ yIq) (2.6)
and its quaternionic conjugate
∂f
∂q
(q) = ∂Iqf(x+ Iqy) :=
1
2
(
∂
∂x
+ Iq
∂
∂y
)
fIq(x+ yIq) (2.7)
The basic and needed properties of Hm,n(q, q) are summarized in the following items
• The expression of the quaternionic Hermite polynomials can be written in terms of the confluent
hypergeometric function 1F1 as follows
Hm,n(q, q) = cm,nr|m−n|e(m−n)Iθ1F1
( −min(m,n)
|m− n|+ 1
∣∣∣∣r2) (2.8)
where q = reIθ with r = |q| > 0, θ ∈ [0, 2pi] and I ∈ S, and
cm,n :=
(−1)min(m,n) max(m,n)!
|m− n|! .
• An exponential representation is given by
Hm,n(q, q) = exp
(
− ∂
2
∂q∂q
)
(qmqn) = exp
(
−14
(
∂2
∂x2
+ ∂
2
∂y2
))
(qmqn) (2.9)
• The quaternionic Hermite polynomials Hm,n(q, q) belong to L2(H; e−|q|2dλ) with square norm
given by ‖Hm,n‖2L2(H;e−|q|2dλ) = pim!n!. Moreover, they form a complete orthogonal system.
We should point out that the expansion in terms of these polynomials is sliced (see Remark
3.4 in [13]).
• We have the following bilateral generating function involving both the real and quaternionic
Hermite polynomials
+∞∑
n=0
Hn(x)Hm,n(q, q)
n! = e
−q2+2xqHm
(
q + q2 − x
)
. (2.10)
Proofs and further properties of such polynomials can be found in [13].
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3 Discussion of the problematic
In order to give a concrete description of the C∞ and L2-spectral analysis of the operator ∆q, we
have to surmount two problems. The first one is connected to the uniqueness problem of the polar
representation q = reIθ and the slice representation q = x+ Iy, of given q ∈ H. This can be removed
by restricting q to belong to specific subspaces of H. Another problem that arise lies in the definition
of the slice derivative given by (2.2). Indeed, the operator ∆q in (1.3) takes the form
2q = −14
(
∂2
∂x2
+ ∂
2
∂y2
)
+ 12
(
x
∂
∂x
+ y ∂
∂y
)
+ Iq2
(
x
∂
∂y
− y ∂
∂x
)
, (3.1)
on H˜ = H \ R and the form
2x = − ∂
2
∂x2
+ x ∂
∂x
(3.2)
on R. A unified explicit form of the slice derivative is the following
∂
∂q
= 12
(
(1 + χR(q))
∂
∂x
− (1− χR(q)) Iq ∂
∂y
)
(3.3)
and therefore of the Laplacian ∆q reads
∆q = −14
{
(1 + χR(q))2
∂2
∂x2
+ (1− χR(q))2 ∂
2
∂y2
}
(3.4)
+ 12 (1 + χR(q))
(
x
∂
∂x
+ y ∂
∂y
)
+ Iq2 (1− χR(q))
(
x
∂
∂y
− y ∂
∂x
)
.
Accordingly, the operator ∆q seen as second order differential operator on R2, is not elliptic nor
uniform elliptic. However, it is semi-elliptic. Indeed, the eigenvalues of the matrix
−14
(
(1 + χR(q))2 0
0 (1− χR(q))2
)
,
associated to ∆q, are clearly non-negatives (but not necessary positives). Therefore, to provide a
concrete description of the L2-spectral analysis of the operator ∆q, we have to distinguish cases and
consider special subspaces.
The strategy we will follow is to begin by studying the eigenvalue problem of 2q in (3.1) on H˜ when
acting on both the C∞ and L2 quaternionic-valued functions on H˜ and next extend, in some how,
the result to the whole H. In fact, this will motivate the definition we will give to the generalized
quaternionic Bargmann spaces that will generalize the slice hyperholomorphic Bargmann-Fock space
(1.1). It should be noted here that the Borel measurable set R is a negligeable set with respect to the
gaussian measure on H, and therefore∫
H
f(q)e−|q|2dλ(q) =
∫
H˜
f(q)e−|q|2dλ(q)
=
∫
R+∗×]0,2pi[×S
f(reIθ)e−r2rdrdθdσ(Iq), (3.5)
where dr (resp. dθ) denotes the Lebesgue measure on positive real line (the unit circle) and dσ(I)
stands for the standard area element on S. This observation will be used systematically in particular
to obtain such extension to the whole H.
4 C∞ and L2-concrete spectral analysis of the operator 2q on H˜
In this section, we consider the operator 2q given through (3.1). Its expression in the polar coor-
dinates q = reIθ, with r > 0, 0 ≤ θ ≤ 2pi and I ∈ S, is given by the following
Lemma 4.1. We have
2q = −14
(
∂2
∂r2
+
[1
r
− 2r
]
∂
∂r
+ ∂
2
r2∂θ2
− 2I ∂
∂θ
)
. (4.1)
Moreover, its action on the functions eInθaIn(r) is given by
2qe
InθaIn(r) = −
eInθ
4r2
[
r2
∂2
∂r2
+ (1− 2r2)r ∂
∂r
+ (2nr2 − n2)
]
aIn(r). (4.2)
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Proof. The formulas (6.2) and (4.2) follow by direct computations. 
Now, let µ be a fixed quaternionic number and E∞µ (H˜,2q) be the corresponding C∞-eigenspace
associated to the sliced differential operator 2q defined in (1.3). It consists of all quaternionic-valued
function that are C∞ satisfying 2qf = fµ on H˜, to wit
E∞µ (H˜,2q) :=
{
f ∈ C∞(H˜); 2qf = fµ
}
. (4.3)
The first main result of this section concerns the explicit characterization of the elements of
E∞µ (H˜,2q). Such description involves the left-confluent hypergeometric function 1F
L
1 defined here
for given a, ξ ∈ H and c ∈ R by
1F
L
1
(
ξ
∣∣∣∣ ac
)
=
∞∑
n=0
ξn
n!
(a)n
(c)n
, (4.4)
where (a)k denotes the Pochhammer symbol (a)k = a(a+ 1) · · · (a+ k− 1) with (a)0 = 1. Namely, we
have
Theorem 4.2. A quaternionic-valued function f belongs to E∞µ (H˜,2q) if and only if it can be expanded
in C∞(H˜) as
f(q) =
∑
n∈Z
qnαIn1F1
(
|q|2
∣∣∣∣ −µn+ 1
)
βIµ,n. (4.5)
for some quaternionic constants αIn ∈ H and βIµ,n in the slice containing µ, Cµ.
Proof. By smooth regularity, any f ∈ C∞(H˜) can be expanded as
f(reIθ) =
∑
n∈Z
eInθaIn(r). (4.6)
The functions (r, I) 7−→ aIn(r) are C∞ on [0,+∞[×S. Therefore, in view of Lemma 4.1 the associated
right-eigenvalue problem 2qf = fµ reads
−
∑
n∈Z
eInθ
4r2
[
r2
∂2
∂r2
+ (1− 2r2)r ∂
∂r
+ (2nr2 − n2)
]
aIn(r) =
∑
n∈Z
eInθaIn(r)µ.
Identification of power series in eIθ ∈ CI , for fixed r and I, yields
1
4r2
[
r2
∂2
∂r2
+ (1− 2r2)r ∂
∂r
+ (2nr2 − n2)
]
aIn(r) = −aIn(r)µ (4.7)
for every n. The change of variable t = r2 and the change of function aIn(r) = tαhn(t, I) reduce (4.7)
to the following
th
′′
n(·, I) + (2α+ 1− t)h
′
n(·, I) +
1
4t(2α− n)(2α+ n− t))hn(·, I) = −hn(·, I)µ. (4.8)
The ansatz α = n/2 shows that the hn(·, I) satisfies the left-confluent hypergeometric differential
equation:
th
′′
n(·, I) + (n+ 1− t)h
′
n(·, I) = −hn(·, I)µ. (4.9)
The regular solution at t = 0 of (6.1) is given by the left-confluent hypergeometric function 1F
L
1
defined by (4.4). Thus, we have
hn(t, I) = αIn 1F
L
1
(
t
∣∣∣∣ −µn+ 1
)
βIµ,n
for some quaternionic constants αIn ∈ H and βIµ,n in the slice containing µ. Therefore,
f(reIθ) =
∑
n∈Z
rneInθαIn 1F
L
1
(
r2
∣∣∣∣ −µn+ 1
)
βIµ,n.

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Remark 4.3. The regular solution of the left-confluent hypergeometric differential equation (6.1), at
0, is given by the left-confluent hypergeometric function 1F
L
1 defined by (4.4) The consideration of
1F
L
1 was essential for the lack of commutativity in quaternions. However, it coincides with the usual
definiton of the confluent hypergeometric function 1F1 (with ordered quaternionic parameters) for the
variable being real.
Added to the C∞-version of the right-eigenvalue problem 2qf = fµ described by the previous
theorem, one can also consider the L2-version. We denote by F2µ(H˜) the L2-eigenspace defined by
F2µ(H˜) :=
{
f ∈ L2(H˜; e−|q|2dλ); 2qf = fµ
}
. (4.10)
In order to give a concrete description of such L2-eigenspaces, we need first to establish some funda-
mental lemmas. The first one shows that the considered space F2µ(H˜) can also be seen as a L2-subspace
of the C∞-eigenspace E∞µ (H˜,2q). Namely, we assert
Lemma 4.4. We have
F2µ(H˜) := L2(H˜; e−|q|
2
dλ) ∩ E∞µ (H˜,2q). (4.11)
Proof. This is an immediate consequence of the ellipticity of 2q given by (3.1) and seen as a second
order differential operator on R× R∗. 
The second key lemma concerns the elementary functions
ϕµ,n(αIn; q;βIµ,n) := qnαIn 1F1
( −µ
n+ 1
∣∣∣∣|q|2)βIµ,n (4.12)
for varying n ∈ Z, where q = x+ Iy ∈ H˜, αIn ∈ H and βIµ,n in the slice containing µ.
Lemma 4.5. We assert the following
(i) The functions ϕµ,n are pairwisely orthogonal in the sense that 〈ϕµ,n, ϕµ,k〉 = 0 whenever n 6= k.
(ii) The functions ϕµ,n belong to L2(H˜; e−|q|
2
dλ) if and only if µ is a nonnegative integer µ = m
and n ≥ m.
(iii) Let m = 0, 1, 2, · · · . Then, the square norm of ϕm,n in L2(H˜; e−|q|2dλ) is given by
‖ϕm,n‖2L2(H˜;e−|q|2dλ) = pi
m!(n!)2
(m+ n)!
∫
S
|αInβIµ,n|2dσ(I). (4.13)
Proof. The first assertion follows by direct computation using the polar coordinates q = reIθ. Indeed,
in these coordinates, the Lebesgue measure dλ becomes the product of the standard Lebesgue measures
rdr on R+ and dθ on the unit circle times the standard area element dσ(I) on S, the two-dimensional
sphere of imaginary units in H˜. Therefore, by the Fubini’s theorem, we have
〈ϕµ,n, ϕµ,k〉 =
∫
H˜
ϕµ,n(αIqn ; q;βIqµ,n)ϕµ,k(αIqk ; q;β
Iq
µ,k)e
−|q|2dλ(q)
=
∫ ∞
0
rn+k+1
∫
S
βIµ,nRn,k(I)βIµ,ke−r
2
dσ(I)dr, (4.14)
where Rn,k(I) stands for
Rn,k(I) := 1F1
( −µ
n+ 1
∣∣∣∣r2)αIn (∫ 2pi0 eI(k−n)θdθ
)
αIk1F1
( −µ
k + 1
∣∣∣∣r2) .
Using the well-known fact
∫ 2pi
0 e
I(n−k)θdθ = 2piδn,k and making the change of variable t = r2, we obtain
〈ϕµ,n, ϕµ,k〉 = pi
(∫
S
|αInβIµ,n|2dσ(I)
)(∫ ∞
0
tn
∣∣∣∣1F1 ( −µn+ 1
∣∣∣∣t)∣∣∣∣2 e−tdt
)
δn,k. (4.15)
To prove the second assertion, we make use of the asymptotic behavior of the confluent hypergeometric
function
1F1
(
a
c
∣∣∣∣t) ∼ etta−cΓ(a)
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for t large enough and a 6= 0,−1,−2, · · · , that follows from the Poincaré-type expansion [21, Section
7.2]
1F1
(
a
c
∣∣∣∣t) ∼ etta−cΓ (a)
∞∑
k=0
(1− a)k(c− a)k
k! t
−k.
Indeed, if µ 6= 0, 1, 2, · · · , then the nature of the integral involved in the right hand-side of (4.15) is
equivalent to
1
|Γ(−µ)|2
∫ ∞
0
t−(2<(µ)+n+2)etdt
which is clearly divergent for n large enough. Conversely, if µ = 0, 1, 2, · · · , the involved confluent
hypergeometric function is the generalized Laguerre polynomial ([20, Eq. (1), p. 200])
1F1
( −m
n+ 1
∣∣∣∣t) = m!(n+ 1)mLnm(t) (4.16)
which satisfies the orthogonality property [20, Eq. (4), p. 205 - Eq. (7), p. 206]∫
R+
L
(α)
j (t)L
(α)
k (t)t
αe−tdt = Γ(α+ j + 1)Γ(j + 1) δj,k. (4.17)
More precisely, starting from (4.15), the explicit computation yields
‖ϕµ,n‖2L2(H˜;e−|q|2dλ) = pi
(
m!
(n+ 1)m
)2 (∫ ∞
0
(Lnm(t))2tne−tdt
)
×
(∫
S
|αInβIµ,n|2dσ(I)
)
= pi m!(n!)
2
(m+ n)!
(∫
S
|αInβIµ,n|2dσ(I)
)
,
provided that n+m+ 1 > 0. This completes the proof of assertions (ii) and (iii). 
Remark 4.6. For the particular case of αIn = 1 = βIµ,n, we denote the functions in (4.12) simply
ψm,n(q) := qn 1F1
( −m
n+ 1
∣∣∣∣|q|2) . (4.18)
They satisfy the assertions of Lemma 4.5 above and their square norm read
‖ψm,n‖2L2(H˜;e−|q|2dλ) = pi
m!(n!)2
(m+ n)!Area(S). (4.19)
The second main result of this section is the following. It shows that the spectrum of 2q acting
L2(H˜; e−|q|2dλ) is purely discrete and reduces to the quantized eigenvalues known as Landau levels.
Theorem 4.7. The space F2µ(H˜) is nontrivial if and only if µ = m = 0, 1, 2, · · · . In this case, a
nnonzero quaternionic-valued function f belongs to F2m(H˜) if and only if it can be expanded as
f(q) =
+∞∑
n=−m
qn 1F1
( −m
n+ 1
∣∣∣∣|q|2)Cn(I). (4.20)
where the quaternionic constants Cn(I) satisfy the growth condition
‖f‖2
L2(H˜;e−|q|2dλ) = pi
+∞∑
n=−m
m!(n!)2
(m+ n)!
(∫
S
|Cn(I)|2dσ(I)
)
< +∞, (4.21)
Proof. Fix µ ∈ H and assume that there is a nonzero function f ∈ L2(H˜; e−|q|2dλ) solution of 2qf = µf .
Then, the realization (4.11) and Theorem 4.2 show that f admits the expansion
f(q) =
∑
n∈Z
qnαIn1F1
( −µ
n+ 1
∣∣∣∣|q|2)βIµ,n. = ∑
n∈Z
ϕµ,n(q).
Its square norm in the Hilbert space L2(H˜; e−|q|2dλ) can be computed using Lemma 4.5. Indeed, the
orthogonality of the (ϕµ,n)n infers
‖f‖2
L2(H˜;e−|q|2dλ) =
∑
n∈Z
‖ϕµ,n‖2L2(H˜;e−|q|2dλ)
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and therefore we have necessarily ‖ϕµ,n‖2 is finite for every n, since f belongs to F2µ(H˜). In particular,
we have ‖ϕµ,n0‖2 for some n0 such that the integral mean∫
S
|αIn0βIµ,n0 |2dσ(I) 6= 0.
Such n0 exists for f being nonzero. This implies that µ is necessary of the form µ = m = 0, 1, 2, · · ·
with n ≥ −m, which follows readily by means of (ii) in Lemma 4.5. In this case, the βIµ,n are reals
(for µ = m ∈ R) and moreover we have
‖f‖2
L2(H˜;e−|q|2dλ) =
+∞∑
n=−m
‖ϕm,n‖2L2(H˜;e−|q|2dλ) = pi
+∞∑
n=0
m!(n!)2
(m+ n)!
∫
S
|Cn(I)|2dσ(I),
where we have set Cn(I) := αInβIµ,n. This yields the growth condition (4.21) and thus the proof is
completed. 
According to the fact that the quaternionic Hermite polynomials Hm,n(q, q) form a complete or-
thogonal system in L2(H˜; e−|q|2dλ) (see [13]), an expansion of the elements of F2m(H˜) in terms of the
Hm,n(q, q) can be given. The following result describes such expansion.
Corollary 4.8. The space F2m(H˜) contains the quaternionic Hermite polynomials defined by (2.5).
Moreover, every element f belonging to F2m(H˜) can be expanded as
f(q) =
+∞∑
n=−m
(−1)mn!
(m+ n)!Hm+n,m(q, q)Cn(I) (4.22)
for some sliced quaternionic constants Cn(I) displaying the growth condition (4.21).
Proof. Making appeal of (2.8), the confluent hypergeometric function involved in (5.1) can be rewritten
in terms of the quaternionic Hermite polynomials as
qn1F1
( −m
n+ 1
∣∣∣∣|q|2) = (−1)mn!(m+ n)!Hm+n,m(q, q). (4.23)
Therefore, the expression of f(q) given through (5.1) reduces further to (4.22) with the same growth
condition (4.21). 
We conclude this section by a result concerning the right quaternionic Hilbert space F2full(H˜),
defined as the space of all slice regular functions that are e−|q|2dλ-square integrable on H˜,
F2full(H˜) := SR(H˜) ∩ L2(H˜; e−|q|
2
dλ). (4.24)
Namely, we assert the following
Corollary 4.9. The right quaternionic Hilbert space F20 (H˜), corresponding to m = 0, coincides with
the full hyperholomorphic Bargmann-Fock space F2full(H˜) given by (4.24).
Proof. This follows readily from Corollary 4.8 combined with the fact Hn,0(q, q) = qn. Indeed, for the
special case of m = 0, we get
F20 (H˜) =
{
f(q) =
+∞∑
n=0
qnCn(I);
+∞∑
n=0
n!
(∫
S
|Cn(I)|2dσ(I)
)
< +∞
}
. (4.25)
This is exactly the sequential characterization of the full hyperholomorphic Bargmann-Fock space
F2full(H˜). Indeed, for given slice regular functions
f(q) =
∞∑
n=0
qnan and f(q) =
∞∑
n=0
qnbn,
for some quaternionic sliced constants an and bn, we have
〈f, g〉
L2(H˜;e−|q|2dλ) = pi
+∞∑
n=0
n!
(∫
S
anbndσ(I)
)
. (4.26)
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Therefore, the norm boundedness of a given slice regular function f(q) =
∞∑
n=0
qnCn(I) reads
‖f‖2
L2(H˜;e−|q|2dλ) = pi
+∞∑
n=0
n!
(∫
S
|Cn(I)|2dσ(I)
)
< +∞.
This completes the proof. 
Corollary 4.10. We have
F2slice(H) ⊂ F20 (H˜) = F2full(H˜), (4.27)
where F2slice(H) is the slice hyperholomorphic Bargmann-Fock space given by (1.1).
Proof. The inclusion follows immediately by comparing the sequential characterization of the full
hyperholomorphic Bargmann-Fock space F2full(H˜) given through (4.25) and the one for the slice hy-
perholomorphic Bargmann-Fock space F2slice(H) given by Proposition 3.11 in [4], to wit
F2slice(H) =
{
f(q) =
+∞∑
n=0
qnCn; ‖f‖2L2(CI ;e−|q|2dλI) = pi
+∞∑
n=0
n!|Cn|2 < +∞
}
.

5 Generalized quaternionic Bargmann spaces and their reproducing kernels
Motivated by Corollary 4.10 and using the functions ψm,n defined through (4.18), to wit
ψm,n(q) := qn 1F1
( −m
n+ 1
∣∣∣∣|q|2) ,
we introduce an appropriate class of infinite dimensional right quaternionic Hilbert spaces. They
are subspaces of the F2m(H˜) and possessing reproducing kernels. In fact, for every fixed nonnegative
integer m, we define GB2m(H) to be the space spanned by the functions ψm,n and equipped with the
scaler product (2.4). That is, GB2m(H) consists of the series
+∞∑
n=−m
qn1F1
( −m
n+ 1
∣∣∣∣|q|2)Cn, (5.1)
where the constants Cn ∈ H satisfy the growth condition
‖f‖2 :=
+∞∑
n=−m
pim!(n!)2
(m+ n)! |Cn|
2 < +∞. (5.2)
In view of (4.23), we can suggest an equivalent definition of the GB2m(H). Namely, we have
GB2m(H) :=
{
f(q) =
+∞∑
n=0
Hn,m(q, q)Cn; Cn ∈ H such that pim!
+∞∑
n=0
k!|Cn|2 < +∞
}
. (5.3)
Clearly GB20(H), corresponding to m = 0, coincides with F2slice(H) given through (1.1).
Definition 5.1. The space GB2m(H), generalizing the slice hyperholomorphic Bargmann-Fock space
F2slice(H), is called the generalized quaternionic Bargmann space of level m.
Accordingly, it is not difficult to see that for every fixed m, the space GB2m(H) in (5.3) is a Hilbert
subspace of L2(H; e−|q|2dλ). Moreover, the quaternionic Hermite polynomials Hn,m, for varying n =
0, 1, 2, · · · , are generators of it. Their linear independence is equivalent to their completion. Thus,
we can show that a given f ∈ GB2m(H) is identically zero on H whenever 〈f,Hn,m〉 = 0 for every
n = 0, 1, 2, · · · . This result is reformulated as follows
Theorem 5.2. The spaces GB2m(H) are right quaternionic Hilbert spaces. The quaternionic Hermite
polynomials Hn,m, for varying n = 0, 1, 2, · · · , and fixed nonnegative integer m, belong to GB2m(H) and
constitute an orthogonal basis of it.
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Proof. We begin by noting that the Hk,m is an orthogonal system (with respect to the both indices)
with respect to the gaussian measure. Now, starting from the expansion f = ∑+∞k=0Hk,mCk for
f ∈ GB2m(H), the direct computation yields
〈f,Hn,m〉 =
∫
H
+∞∑
k=0
CkHk,m(q, q)Hn,m(q, q)e−|q|
2
dλ(q)
= lim
R→+∞
∫
B(0,R)
+∞∑
k=0
CkHk,m(q, q)Hn,m(q, q)e−|q|
2
dλ(q)
= lim
R→+∞
+∞∑
k=0
∫
B(0,R)
CkHk,m(q, q)Hn,m(q, q)e−|q|
2
dλ(q).
Hence, using the explicit expression of the quaternionic Hermite polynomials and integrating on
B(0, R) with respect to the polar coordinates, one shows that∫
B(0,R)
CkHk,m(q, q)Hn,m(q, q)e−|q|
2
dλ(q) = Cn
(∫
B(0,R)
|Hn,m(q, q)|2 e−|q|2dλ(q)
)
δn,k.
Subsequently, the expression of 〈f,Hn,m〉 becomes
〈f,Hn,m〉 = Cn lim
R→+∞
∫
B(0,R)
|Hn,m(q, q)|2 e−|q|2dλ(q) = Cn‖Hn,m‖2.
Therefore, Cn = 0 for every nonnegative integer n, by the assumption 〈f,Hn,m〉 = 0 for every n. This
proves that f ≡ 0 on H˜. 
In the sequel, we establish further properties of the generalized quaternionic Bargmann-Fock space
GB2m(H). The first one shows that GB2m(H) is a reproducing kernel quaternionic Hilbert space. To
this end, the following lemma is needed.
Lemma 5.3. For every fixed q ∈ H, the evaluation map δqf = f(q) is a continuous linear form on
the Hilbert space GB2m(H).
Proof. Let f ∈ GB2m(H) and expand it in C∞(H) as f(q) =
∑+∞
n=0Hn,m(q, q)Cn. Thus, using the
Cauchy-Schwartz inequality and the expression of the square norm ‖f‖2 = pim!∑+∞n=0 n!|Cn|2, we
obtain
|f(q)| ≤
(+∞∑
n=0
|Hn,m(q, q)|2
pim!n!
) 1
2
‖f‖m. (5.4)
The series in the right hand-side of (5.4) is absolutely convergent for every fixed r and is independent
of f . This follows readily making use of the following upper bound (see [13, Corollary 4.3]):
|Hn+k,n(q, q)| ≤ (n+ k)!
k! |q|
k e
|q|2
2 . (5.5)

Remark 5.4. More explicitly, by means of [6, Corollary 3.3], we have
+∞∑
n=0
|Hn,m(q, q)|2
pim!n! =
e|q|2
pi
. (5.6)
The next result gives the explicit expression of the reproducing kernel of the GB2m(H), which exists
by means of the quaternionic version of the Riesz representation theorem combined with the previous
Lemma.
Theorem 5.5. The reproducing kernel of the generalized quaternionic Bargmann-Fock space GB2m(H)
is given by
Km(q, q′) = e
[q,q′]
∗
pi
Lm(|q − q′|2),
where
e
[a,b]
∗ :=
+∞∑
n=0
anbn
n!
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and Lm(x) stands for the classical Laguerre polynomial of degree m.
Proof. Recall that (Hn,m)n is a orthogonal basis of GB2m(H) (see Theorem 5.2). Thus, the computation
of Km(q, q′) can be done by performing
Km(q, q′) = 1
pim!
+∞∑
n=0
Hn,m(q, q)Hm,n(q′, q′)
n! .
Notice for instance that for the particular case of q and q′ belonging to the same slice, the result
follows by means of
+∞∑
n=0
Hm,n(z, z)Hn,m(w,w)
pim!n! =
ezw
pim!Hm,m(z − w, z − w) =
ezw
pi
Lm(|z − w|2)
which is readily an immediate consequence of Theorem 3.1 in [6], to wit
+∞∑
n=0
tn
n!νnH
ν
m,n(z, z)Hνn,m′(w,w) = tm
′
Hνm,m′(z − tw, z − tw)eνtzw,
valid for every t in the unit circle and z, w ∈ C, combined with Hm,m(ξ, ξ¯) = m!Lm(|ξ|2). Therefore,
we claim
Km(q, q′) = e
[q,q′]
∗
pi
Lm(|q − q′|2).

Remark 5.6. The operator f 7−→ Pmf given by
Pf(q) =
∫
H
Km(q, q′)f(q′)e−|q′|2dλ(q′) =
∫
H
e
[q,q′]
∗
pi
Lm(|q − q′|2)f(q′)e−|q′|2dλ(q′) (5.7)
define the orthogonal projection of L2(H; e−|q|2dλ) to GB2m(H).
We conclude this section with the following result giving an orthogonal Hilbertian decomposition
of the Hilbert space L2(H; e−|q|2dλ).
Theorem 5.7. We have the following hilbertian decomposition
L2(H; e−|q|2dλ) =
⊕
m≥0
GB2m(H).
Proof. Such decomposition is equivalent to prove that the orthogonal complement of ⊕
m≥0
GB2m(H) in
L2(H; e−|q|2dλ) reduces to {0}. To this end, let f ∈
( ⊕
m≥0
GB2m(H)
)⊥
. Then, in particular we have∫
H
e
[q,w]
∗ Lm(|w − q|2)f(w)e−|w|2dλ(w) = 0
for every fixed q ∈ H and every m = 0, 1, 2, · · · . Thus, for given t ∈]0, 1[, we get
N∑
m=0
∫
H
e
[q,w]
∗ tmLm(|w − q|2)f(w)e−|w|2dλ(w) = 0.
By tending N to +∞ and using the explicit formula for the generating function of the Laguerre
polynomials ([20, Eq. (14), p. 135])
∞∑
n=0
ξnL(α)n (t) =
1
(1− ξ)α+1 exp
(
tξ
ξ − 1
)
,
we obtain
∫
H
e
[q,w]
∗
e
−
t|q − w|2
1− t
1− t f(w)e
−|w|2dλ(w) = 0.
The limit t −→ 1− yields an integral involving the Dirac δ-function at the point q ∈ H. From that we
deduce e[q,w]∗ f(w)e−|w|
2 and therefore f(q) = 0 for every q ∈ H. 
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Remark 5.8. Theorem 5.7 is contained in [13, Theorem 3.3], since the Hn,m is a basis of L2(H; e−|q|
2
dλ).
But here we have provide a different proof based on the explicit closed formula for the reproducing kernel
of the spaces GB2m(H).
6 Generalized quaternionic Bargmann transforms Bm
In this section, we introduce a family of generalized quaternionic Segal-Bargmann transforms defined
on the quaternionic Hilbert space L2H(R; dt), consisting of all square integrable H-valued functions with
respect to the inner product
〈f, g〉L2(R;H) :=
∫
R
f(t)g(t)dt.
Their images will be the generalized quaternionic Bargmann-Fock spaces defined and studied in the
previous section. To this end, we define the kernel function A(x; q) on R × H to be the bilinear
generating function of the real Hermite functions,
hn(t) = (−1)ne t
2
2
dn
dtn
(e−t2), (6.1)
that form an orthogonal basis of L2H(R; dt), with norm
‖hn‖2L2H(R;dt) = 2
nn!
√
pi, (6.2)
and the quaternionic Hermite polynomialsHm,n(q, q), which form an orthogonal basis of L2(H; e−|q|
2
dλ),
with norm
‖Hm,n‖2L2(H,e−|q|2dλ) = pim!n!. (6.3)
That is
A(x; q) =
+∞∑
n=0
hn(t)Hm,n(q, q)
‖hn‖‖Hm,n‖ . (6.4)
Thus, we assert
Theorem 6.1. For every t ∈ R and q ∈ H, we have
Am(t; q) =
exp
(
− t22 − q
2
2 +
√
2qt
)
(pi) 34 (
√
2)m
√
m!
Hm
(
q + q√
2
− t
)
.
Proof. By means of the explicit expressions of the norms of hn (see (6.2)) and Hm,n (see (6.3)), and
making use of the fact that Hm,n(q, q) = e−∆S (qmqn), we obtain
Am(t; q) =
e−
t2
2
(pi) 34
√
m!
e−∆S
(
qm
+∞∑
n=0
qn√
2nn!
Hn(t)
)
= e
− t22
(pi) 34
√
m!
m∑
j=0
(−1)jm!qm−j(√2)−j
j!(m− j)!
+∞∑
n=j
qn−j√
2n−j(n− j)!
Hn−j(t)

= e
− t22
(pi) 34
√
m!
m∑
j=0
(−1)jm!qm−j(√2)−j
j!(m− j)!
(+∞∑
k=0
qk√
2kk!
Hk+j(t)
)
.
The last equality holds thanks to the change of indices k = n− j. Using the fact,
+∞∑
k=0
qk√
2kk!
Hk+j(t) = exp
(
−q
2
2 +
√
2tq
)
Hj
(
t− q√
2
)
,
we obtain
Am(t; q) =
exp
(
− q22 +
√
2tq
)
(pi) 34
√
2m
m∑
j=0
m!(
√
2q)m−j
j!(m− j)! Hj
(
q√
2
− t
)
.
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Finally, the result follows by utilizing the fact that
m∑
j=0
(
m
j
)
Hj(t)(2ξ)m−j = Hm(t+ ξ).

Associated to the kernel function A(x; q) given through (6.4), we consider the integral transform
defined by
[Bmφ](q) :=
∫
R
Am(t; q)φ(t)dt
=
( 1
pi
) 3
4 1
(
√
2mm!
∫
R
e−
t2
2 − q
2
2 +
√
2qtHm
(
q + q√
2
− x
)
φ(t)dt;
for a given function φ : R→ H, provided that the integral exists. The following result shows that Bm
is well-defined on L2H(R; dt). Namely, we have
Theorem 6.2. For a fixed q ∈ H, the function
Am;q : t −→ Am(t; q) :=
( 1
pi
) 3
4 1√
2mm!
e−
t2
2 − q
2
2 +
√
2qtHm
(
q + q√
2
− t
)
belongs to L2H(R; dt), and we have
‖Am;q‖L2H(R; dt) =
1√
pi
e
|q|2
2 . (6.5)
Moreover, for every quaternion q ∈ H and every φ ∈ L2H(R; dt), we have
|[Bmφ](q)| ≤ 1√
pi
e
q2
2 ‖φ‖L2H(R;dt).
Proof. fix q = x+ Iy in H and write the modulus of the kernel function Am(t; q) as
|Am(t; q)|2 =
( 1
pi
) 3
2 1
2m
∣∣∣∣e− t22 −x22 − y22 +Ixy+√2q1t−I√2q2t∣∣∣∣2 ∣∣∣Hm(√2q1 − t)∣∣∣2
=
( 1
pi
) 3
2 1
2m e
−t2−x2+y2+√2xt
∣∣∣Hm(√2x− t)∣∣∣2 .
Therefore, it follows that
‖Am;q‖2L2H(R;dt) = (pi)
−3
2 2−mex2+y2
∫
R
e−(t−
√
2q1)2 |Hm(t−
√
2q1)|2dt
= (pi)
−3
2 2−me|q|2
∫
R
e−u
2 | Hm(u) |2 du.
Using the norm of the real Hermite polynomials which equal to
√
pim!2m we have
‖Am;q‖L2H(R; dt) =
1√
pi
e
|q|2
2 .
Using the Cauchy-Schwartz inequality, we obtain
|Bmφ(q)| ≤
∫
R
|Am(t; q)||φ(t)|dt ≤ ‖Am;q‖L2H(R;dt)‖φ‖L2H(R;dt). (6.6)
In view of (6.5) the inequality (6.6) reduces simply to
|Bmφ(q)| ≤ e
|q|2
2√
pi
‖φ‖L2H(R;dt).

Remark 6.3. By comparing (6.5) and (6.5) to (5.6), we conclude that ‖Am;q‖L2H(R;dt) =
√
Km(q, q)
for every q ∈ H.
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Remark 6.4. The Segal-Bargmann transform Bm maps the orthogonal basis of L2H(R; dt) consisting of
the Hermite polynomials hn to the orthogonal basis of the generalized Bargmann-Fock spaces consisting
of the quaternionic Hermite polynomials. More exactly, we have
[Bm(hn)](q) = (
√
2)m−1
pi
Hm,n(q, q).
7 A left-sided uaternionic Fourier-Wigner transform
We conclude this paper by introducing the quaternionic Fourier-Wigner transform. We give its
action on the real Hermite polynomials and we establish its connection to the generalized quaternionic
Segal-Bargmann transform and the Fourier-Wigner transform.
Definition 7.1. For fixed I ∈ S and for any f, g ∈ L2H(R; dt), we define the left-sided quaternionic
Fourier-Wigner transform as the quaternionic-valued function VI(f, g) on R× R given by:
VI(f, g)(x+ Iy) :=
1√
2pi
∫
R
eIytf
(
t+ x2
)
g
(
t− x2
)
dt. (7.1)
The following result gives the explicit expression of the action of the Fourier-Wigner transform on
the real Hermite polynomials in (6.1). We assert
Theorem 7.2. For fixed I ∈ S and every x, y ∈ R, we have
VIq(hm, hn)(q) = (−1)n(
√
2)m+n−1e−
|q|2
2 Hm,n
(
q√
2
,
q√
2
)
.
The following Lemma is needed for proving the previous theorem.
Lemma 7.3. For α > 0 and β ∈ H, we have∫ +∞
−∞
e−αy
2+βydy =
(
pi
α
) 1
2
exp
(
β2
4α
)
.
Moreover, we have the integral representation of the real Hermite polynomials,
Hn(x) =
(2I)n√
pi
∫ +∞
−∞
e−(y+Ix)
2
yndy
for every I ∈ S.
Proof of Theorem 7.2. By the definition of V , we can write
VI(hm, hn)(x+ Iy) = e
−x2+y24√
2pi
∫
R
e−(t−I
y
2 )
2
Hm
(
t+ x2
)
Hn
(
t− x2
)
dt.
By means of the generating function of the real Hermite polynomials Hm, we get
+∞∑
m,n=0
um
m!
vm
n! VI(hm, hn)(x+ Iy) =
e−
x2+y2
4√
2pi
e−u
2−v2+(u−v)x
∫
R
e−(t−I
y
2 )
2
e2(u+v)tdt
= e
−x2+y24√
2pi
e−u
2−v2+(u−v)x
+∞∑
k=0
(2k(u+ v)k
k!
∫
R
tke−(t−I
y
2 )
2
dt.
Next, Lemma 7.3 infers
+∞∑
m,n=0
um
m!
vm
n! VI(hm, hn)(x+ Iy) =
e−
p2+s2
4√
2pi
e−u
2−v2+(u−v)x
+∞∑
k=0
(u+ v)k
Ikk! Hk(
y
2)
= e
−x2+y24√
2pi
exp
(
2uv +
√
2u
(
x− Iy√
2
)
−√2v
(
x+ Iy√
2
))
.
In the right hand-side of the last equality we recognize the generating function of the quaternionic
Hermite polynomials with variable x+ Iy√
2
. Then, by identifying the two power series we get the
result. 
We conclude by the following result whose the proof is straightforward.
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Theorem 7.4. The quaternionic Bargmann transform Bm leads to the quaternionic Fourier-Wigner
transform VI(f, ϕ), where ϕ is given by the function ϕ(t) = e− t
2
2 Hm(−t), in fact we have:
VI(f, ϕ)(q) =
√
pim!2
m−1
2 e−
|q|2
4 [Bmf ]
(
p+ Is√
2
)
.
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